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INTRODUCTION 
Plate elements are common engineering structures and it is important to monitor 
darnage evolution in these plates to ensure the integrity of the structure. Due to stress 
concentration in the vicinity of existing defects such as voids, inhomogeneities and 
surface cracks, microfracture events may occur locally in a plate highly stressed before 
final failure takes place. As a result, the stored strain energy radiates out in the form of 
elastic waves which carry information regarding the nature of the source. Due to the 
highly dispersive character of Lamb waves, their forms change as the disturbance 
propagates away from the source, and understanding the characteristics of these waves 
is a prerequisite to extracting source information from measured waveform. 
Transient wave propagation in an isotropic plate has been studied extensively 
[1, 2, 3, 4]. Due to the complexity of the equation of motion of the anisotropic medium, 
the problern of wave motion in composite plates is far more difficult to solve. In most 
literature, only two-dimensional problems have been considered [5]. Solutions to 
three-dimensional problems are few [6] and are limited to surface loading. Along with 
exact theory, laminate theory has been used to approximate wave fields in laminated 
composites. Some experimental studies have been conducted to study surface response 
of composite plates associated with acoustic emission sources [7]. In a recent study [8], 
it has been suggested that a relationship exists between the signatures of the surface 
response and characteristics of the source. 
In this paper the relationship between the surface response and the characteristics 
of microfractures in composite plates is studied to establish the theoretical background 
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Figure 1: Coordinate system for transversely anisotropic solids. 
for acoustic emission waveform analysis and non-destructive monitoring of darnage in 
structural composites. Lamb waves from microfractures in composite plates are 
modeled for different source types to investigate the relationship between the waveform 
signatures and the source characteristics. An experimental study of Lamb waves due to 
crack extension in alumirrum plates is presented to validate the theoretical model. 
LAMB WAVES IN TRANSVERSELY ANISOTROPIC PLATES 
A transversely anisotropic material is characterized by five elastic constants; c11 , 
c12, c22 , c23 , c55 , and the dentsity, p. Chosing the x1-axis as the material symmetry axis 
(Fig. 1), the elastodynamic displacement field can be expressed in terms of three 
displacement potentials, <I>1, <I>2 and <!>3 as 
u1 8<I>d8x1 
8<I>2/ 8x2 + 8<!>3/ 8x3 
8<!>2/ 8x3 - 8<!>3/ 8x2 
(1) 
where <I>, = <P? + <P" z = 1, 2, 3, <P? are the potentials in the unbounded domain for the 
same source and the </J, are additional potentials needed to satisfy the traction free 
boundary conditions. 
U sing Fourier transform method, enforcing stress free boundary conditions on the 
surfaces of the plate, and applying contour integration along with the residue theorem, 
the surface displacement on the plate can be written in the form 
u, = 2i7re•wt [ L J( a, ß) e•(axl +ßx2) da (2) 
Ja ß(a) Rß( a, ß) 
where ( a, ß) is the wavenumber in the plate, R( a, ß) is the dispersion function of the 
plate; f, are related to source terms, and R( a, ß( a)) = 0. The far field is contributed 
by propagating modes only, and an approximate expression for the displacement can be 
obtained using the technique outlined in [9] 
(27r?l2 "'~ J,(ap,ßp) ["( )] 
u,(x1, x2) ~ --;;::-- L.J L.J Ap (\7 R. )Jk 1112 exp z apxl + ßpx2- wt 
V r m p=l llp P 
(3) 
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where r is the positon vector, VR is the gradient of R(a.,ß), np is the unit vector along 
the normal to the slowness curve at (a.p,ßp) which is parallel to r, and kp is the 
curvature of the slowness curve in the (a.,ß) plane. The summation over m includes all 
propagating Lamb wave modes and the summation over p includes all the points on the 
slowness curve having normal parallel to the position vector. 
WAVE MOTION IN THIN LAMINATED COMPOSITE PLATES 
Due to the nature of Iaminated composites, the solution of the wave motion 
problern is far more difficult than the corresponding problern for either isotropic or 
transversely anisotropic plates. The far field surface displacement of a thin composite 
can be approximated by using the Iaminate theory [6]. Unlike transverse surface 
loading, microfractures in composite plates give non-zero in-plane force, and both 
in-plane and transverse motion are excited. Also existing experimental studies indicate 
that strong transverse motion can be present for an in-plane force [7]. 
For a Iaminated composite plate the governing equations for both flexural and 
extensional motion are obtained by applying an integral operator to the equations of 
motion for 3D cases. The transformation method is used to solve the resulting 
equations in a double transformed domain. The resulting integrals are evaluated using 
contour integration and residue theorem. 
Flexural Motion in Composite Plates 
In flexural motion of thin composite plates, transverse shear and transverse 
normal stresses are much smaller compared with in-plane stress components. 
Therefore, the stress state in the plates can be approximated as in a plane stress away 
from the source. 
Following the previously outlined procedure, the transverse displacement 
component can be written as 
(4) 
where ~( a., ß)f is the dispersion function, ~~ is the function related to source terms, 
~~ = f)~f I aß, and the Summation over ß includes the values that satisfy ~( a., ß) = 0 
for the given a.. Since ~( a., ß) = 0 gives only the slowness curve for the lowest modes, 
the wave motion is contributed by the lowest Lamb wave modes only. 
Extensional Wave Motion 
For microfractures in composite plates, in-plane force systems dominate in some 
situations, e.g., fiber breakage inside plates, and the transverse surface displacement is 
mainly due to extensional motion in plates. For a given body force distribution, using 
the same method oulined for flexural motion, the transverse displacement in the double 
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transformed domain can be written as 
u3 = 27rie'wt::_ { L ß3et(c•xi+ßx2)da 
h Ja ß(a) ß{J (5) 
where z is the thickness coordinate, h is the half thickness of the plate, ß( a, ß)e is again 
the dispersion function, and ß~ is a function related to source terms, ßß = aß e jaß, 
summation, again, includes the lowest Lamb wave modes 
Force System and Motion Pattern in Composite Plates 
Based on the solution for a point source, the relationship between the source and 
the motion pattern can be obtained. In the following formulation, for a moment tensor 
source, each column in the matrix is treated as a force vector to replace corresponding 
components in the solution for a point source. 
For symmetric motion, the basic excitation force system is Fx = J~hh fxdz, 
Fy = J!hh fydz, Mz =I~: fzzdz. Andin the double transformed domain, the excitation 
terms related to moment source are 
(6) 
For antisymmetric motion, the basic excitation force system is Mx = J~hh fxzdz, 
My = J~: fyzdz, Fz =I~: fzdz. The exitation terms related to the moment tensor in 
the double transformed domain are given as 
(7) 
where h is the half thickness of the plate, hs is z-coordinate of the point source, and M,3 
are moment components. Forthin plates, the excitation terms containing h or hs are 
negligible. The symmetric motion is excited by the in-plane force system and in-plane 
moment system. The antisymmetric motion is excited by the transverse force system 
and transverse moment system. 
MODELING MICROFRACTURES IN COMPOSITE PLATES 
Matrix cracking, delamination and fiber breakage are common types of 
microfacture in continuous fiber reinforced composites. These microfractures can be 
modeled by clisplacement discontinuities across the fracture surface. The equivalent 
body force system is used to model the surface response to fracture events (Figure 2). 
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Let the source time history be representecl by 
t < 0 
0 < t < To 
T0 < f 
(8) 
• •+.• • 
Figure 2: Modeling microfractures in composite plates. First row : microfractures. 
Second row : force system used in modeling. (a) Matrix Cracking. (b) Delamination. 
( c) Fiber breakage. 
where To is assume to be 0.5f.lS for each case. For matrix cracking in a 90° ply the 
equivalent body force distribution is given by 
fx c~ [ul]Jl(xt)J(xz)J(x3)~sF(t, To) JY = c~ [ul]J(x l )Jz(xz)J(x3)~sF(t, To) 
fz c~[ul]J( x!)J( Xz)J3( x3)~sF( t, To) 
where c:; are the elastic constants of the matrix material, [ul] is the magnitude of 
displacement discontinuity, ~s is the fracture area, and J(x) is the Dirac delta function. 
The calculated far :field response for a source on the middle plane of the plate is 
shown in Fig. 3. It is clear that the far :field response is dominated by high frequency 
extensional motion. 
Deiamination (Fig. 2) could be due to shear, and the equivalent body force is 
f x = c~ [ul] J(xt)J(xz)J3(x3)~sF(t, To) JY = 0 f z = c~ [ul]Jl(x t)J(xz)J(x3)~sF(t, To ) 
(9) 
which is a double-couple (Fig. 2(b) ). The calculated far :field response to this force 
system on the middle plane of the plate is shown in :figure 3. The fiexural motion which 
has dominant low frequency components is strongly excited. 
Fiber breakage is schematically shown in Fig. 2c. The normal to the fracture 
surface is v = (1, 0, 0), and the equivalent body force system is 
fx Cn [ul]Jl(xl)J(xz)J(x3)~sF(t , To) j y = C12 [u!]J(x!)Jz (xz)J(x3)~s F(t, To) 
f z Cl3[u!]J(xl)J(xz)J3(x3)~sF(t , To) 
where [ud indicates the amplitude of the displacement discontinuity and F(t) is the 
time history of the source. In this case C,1 are the elastic constants of the transversely 
anisotropic composite listed in [6], and the force system is dominated by force couple 
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Figure 3: Typical far field response of a composite plate to microfractures within the 
plate. Vertical axis has an arbitrary unit for each case. ( a) matrix cracking. (b) delamin-
ation. ( c) fiber breakage. 
The calculated surface response is shown in Figure 3. Clearly, the high frequency 
extensional motion dominates the response. 
EXPERIMENTAL STUDY AND MODELING 
In order to validate the theory, experiments were conducted to study the surface 
response of aluminum plate to fatigue crack extension in the plate. In these 
experiments, transverse displacement on the surface of plate due to crack initiation and 
extension were recorded and analyzed. Reetangular specimens of dimensions 9in x 4in 
were cut from a aluminum plate with thickness of &, inch. An EDM cut was made on 
each plate to introduce stress concentration at the tip of the cut to facilitate fatigue 
crack initiation. Three types of specimen (referred to as type A, type B and type C) 
were used. In the type A specimen, the EDM cut started from the edge with the 
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cutting trace perpendicular to the edge and the cutting surface perpendicular to the 
surface of the plate. In the type B specimen, the EDM cut started from the edge, with 
the cutting surface perpendicular to the surface of the sample and the cutting direction 
at an angle with the normal to the edge. In the type C, the EDM cut direction was 
perpenducular to the edge but the cutting surface was not perpendicular to the surface 
of the specimen. The type A specimen was designed to produce a mode I crack 
extension, type B specimen was designed for mixed mode (I and II) crack extension; 
and type C was designed for mixed mode (I and III) crack extension. These pre-cut 
specimens were subjected to fatigue loading to initiate and extend the crack. After the 
crack initiation, the crack extension mode changed to mode I in type B specimen and 
gave the same signature as in type A specimen (Figure 4a). The typical waveform in 
type C specimen is shown in Figure 4b. 
Guided by the experimental results, simple force systems were used to calculate 
the surface response of the alumirrum plates during fatigue crack growth. The 
source-time history is represented by equation (8). The amplitude of the force history 
depends on the crackoperring displacement at the time of the crack advance. Given the 
diameter of the contact transducer to be lOmm, the upper bound of the frequencies of 
the filter applied to the signals is determined by the maximum group velocity and are 
given as f~ = 540kHz for symmtric motion, and J: = 310kHz for antisymmtric motion. 
In modeling type A and type B specimens, the non-zero component of the 
moment tensor is Mzz = Mo , which is related to both the area of extension and crack 
operring displacement. The non-zero components of the moment tensor used to model 
crack extension in type C specimen are Mxx = -M0 sin2 (8), Mzx = -M0 sin(8)cos(8), 
Mxz = Mo sin(O) cos(O) and Mzz = M0 cos2 (8), where 8 is the angle between the normal 
to the crack extension surface and loading direction. 
Comparison between the experimental and the theoretical calculation is shown in 
Fig. 4. Fairly good agreement is achieved. 
~5~~--~--~~--~--~~--~ 
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Figure 4: Comparison of the theoretical and experimental results for the surface response 
of alumirrum plates during irreremental fatigue crack extension. (a) for type A and type 
B, and (b) for type C specimen 
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CONCLUDING REMARKS 
The solution of the three-dimensional wave propagation in transversely 
anisotropic plate is presented. The displacement in the frequency domain is given as a 
single integral, its numberical evaluation is simple and straightforward. The wave 
propagation problern in Iaminated composite plate is formulated using Iaminate theory 
with a general force system. The relationship between the force systems and the Lamb 
wave modes on the surface are presented in simple forms. The general theoretical 
modal is validated through laboratory experiments with alumirrum plates. 
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